Topological nodal-line semimetals are characterized by one-dimensional lines of band crossing in the Brillouin zone. In contrast to nodal points, nodal lines can be in topologically nontrivial configurations. In this paper, we study the simplest topologically nontrivial forms of nodal line, namely, a single nodal line taking the shape of a knot in the Brillouin zone. We introduce a generic construction for various "nodal-knot semimetals", which yields the simplest trefoil nodal knot and other more complicated nodal knots in the Brillouin zone. The knotted-unknotted transitions by nodal-line reconnections are also studied. Our work brings the knot theory to the subject of topological semimetals.
I. INTRODUCTION
Topological states have been under intense investigations in the last decade [1] [2] [3] [4] [5] . Topological semimetals [6] are characterized by topologically protected nodal points or nodal lines in the Brillouin zone, where the valance band and conduction band meet each other. The most extensively studied nodal-point semimetals are Weyl semimetals [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] and Dirac semimetals [22] [23] [24] [25] [26] [27] [28] [29] [30] . More recently, nodal-line semimetals have attracted considerable attention. Like the Dirac points, nodal lines [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] are protected by both the band topology and symmetries. Nodal-line semimetals are versatile platforms for topological materials. By breaking certain symmetry, nodal lines can be partially or fully gapped, giving way to Dirac semimetals, Weyl semimetals, or topological insulators. These phenomena can be triggered by the spin-orbit coupling [39, 40] or external driving [47] [48] [49] [50] [51] . There are quite a few material candidates of nodal lines: Cu 3 NPd and Cu 3 NZn [39, 40] , calcium phosphide [52, 53] , carbon networks [37] , CaP 3 [54] , alkali earth materials [55, 56] , to name a few. Experimental studies of nodal lines are also in rapid progress [38, [57] [58] [59] [60] [61] [62] .
Nodal points have little internal structure, for instance, the only topological characterization of a Weyl point is its chirality (±1). In contrast, nodal lines can have much richer topologically distinct possibilities. They can touch each other and form nodal chains stretching across the Brillouin zone [63, 64] [ Fig.1(b) ]. Another intriguing possibility is the nodal link [65] [66] [67] , namely, two nodal lines topologically linked with each other [ Fig.1(c) ]. Links are also proposed in superconductors [68] .
Nodal links are not the simplest topologically nontrivial shapes of nodal lines. The simplest shape contains only one nodal line entangled with itself, i.e., a knot. Such a nontrivial nodal line is dubbed a "nodal knot" in this paper, to distinguish it from the usual real-space knots. The simplest case is a trefoil nodal knot, shown in Fig.1(d) . A crucial question is whether such a conception can exist in principle (i.e., can be explicitly constructed as models). The recently proposed method of constructing nodal links based on Hopf mappings * wangzhongemail@tsinghua.edu.cn cannot be applied to yield a nodal knot, because it necessarily produces multiple nodal lines. It is thus unclear whether a single-line nodal knot is realizable in materials. Here, we introduce a method based on functions of several complex variables, which neatly gives various single-line nodal knots, including the trefoil knot as the simplest case. The topological transitions from the knotted configurations to trivial ones are also studied. Our work brings the extensively investigated knot theory [69] to the subject of topological semimetals. model can be written as
where σ i 's are the Pauli matrices, and the trivial a 0 (k) term will be discarded below. Nodal lines are protected by the cooperation of band topology and certain symmetries [70] [71] [72] .
In this work, we consider the combination [43, 73] of spatialinversion symmetry P and time-reversal symmetry T , which ensures that H * (k) = H(k) up to a basis choice, thus we have a 2 (k) = 0. This PT symmetry is relevant to many material candidates of nodal lines (e.g., Cu 3 PdN [39, 40] , Cu 3 TeO 6 [74] ). Given the symmetry, the Hamiltonian becomes
whose energies are E ± (k) = ± a 2 1 (k) + a 2 3 (k), and the nodal lines can be solved from a 1 (k) = a 3 (k) = 0. The most common choices of a 1 and a 3 , say a 1 = cos k x +cos k y +cos k z −m 0 , a 3 = sin k z , yield ordinary nodal lines resembling Fig.1 
(a).
Taking advantage of the Hopf mappings [75] [76] [77] [78] [79] [80] [81] [82] [83] , nodal links such as the one shown in Fig.1 (c) can be constructed [66] . This method is sufficiently general to generate nodal links with any integer linking numbers (including the simplest Hopf link), however, it is unable to generate a nodal knot, which contains only one nodal line. This limitation is intrinsic in its construction [66] .
In this paper, we introduce a generic approach for constructing nodal knots, which is based on functions of several complex variables. Before writing down the explicit models, we start from the geometrical preparations. Let us consider two complex variables z and w, with the constraint |z| 2 + |w| 2 = 1, which defines a 3-sphere. This is more transparent if we write z = n 1 + in 2 and w = n 3 + in 4 , then |z| 2 + |w| 2 = 1 becomes n 2 1 + n 2 2 + n 2 3 + n 2 4 = 1, which is apparently a 3-sphere. For reasons to become clear shortly, let us consider the surface |z| p = |w| q (where p, q are positive integers) in the 3-sphere. This surface is topologically a 2-torus. To see this fact, we notice that the two equations |z| 2 + |w| 2 = 1 and |z| p = |w| q completely fix the values of |z| and |w|, thus the surface can be parameterized by the phases θ z and θ w , which is defined in z = |z| exp(iθ z ) and w = |w| exp(iθ w ), respectively. Thus the surface is exactly a 2-torus, with θ z and θ w parameterizing the toroidal and poloidal direction, respectively. Now we impose a constraint
The solutions (z, w) of this constraint must be on the torus |z| p = |w| q discussed above, furthermore, the phases have to satisfy pθ z −qθ w = π (mod 2π). As a mathematical fact of torus geometry, when p and q are relatively prime, the equation defines only one line on the torus. Otherwise, we have multiple lines. For instance, when (p, q) = (3, 2), we have a single line passing the point (θ z , θ w ) = (π/3, 0); when (p, q) = (2, 4), we have two disconnected lines, one of which passes (θ z , θ w ) = (π/2, 0) and the other passes (θ z , θ w ) = (π/2, π/2). Most notably, when both p and q are nonzero, the line(s) winds around the torus in both the toroidal and poloidal directions, forming a knot when (p, q) are relatively prime, or links otherwise.
With these geometrical preparations, we are now ready to construct continuum models of nodal-knot semimetals. For continuum models, the momentum variables k = (k x , k y , k z ) extend to infinity. In the above construction of knot, the standard 3-sphere n To make use of this construction, we can compactify the k-space to a 3-sphere by adding an "infinity point" (This is a standard procedure in topology, which is essentially the converse of stereographic projection). We may establish a one-to-one correspondence between the compactified k-space and the standard 3-sphere. There are infinitely many ways to do this; for instance, we can take
with k 2 = k . Now n(k) = (n 1 , n 2 , n 3 , n 4 ) maps the compactified k-space to the standard 3-sphere. It maps the origin k = (0, 0, 0) to the north pole n = (0, 0, 0, 1), and the k-infinity to the south pole n = (0, 0, 0, −1). The winding number of the mapping is known as
which is found to be −1 here. This is intuitively clear since the 3-sphere is covered only once. In fact, any other mapping with a nonzero winding number is applicable for our construction. Now that z = n 1 + in 2 and w = n 3 + in 4 have become functions of k, we can take the coefficients a 1 and a 3 in Eq.(2) as functions of z and w. A natural choice is the real part and imaginary part of f (z, w), respectively:
Eq. (3) and Eq.(6) are among the key equations of this paper. With this ansatz, the nodal line equation a 1 (k) = a 3 (k) = 0 is simply f (z, w) = 0, i.e., Eq.(3), which gives rise to a knot when (p, q) are relatively prime, as explained above. This is the motivation of the ansatz. To be simpler, we can take
in Eq.(6), which is topologically equivalent to taking z = n 1 + in 2 , w = n 3 + in 4 , because n(k) and N(k) differ only by a numerical factor N(k). Hereafter we take the convention Eq.(7). In the case (p, q) = (3, 2), we have
and the ansatz in Eq.(6) leads to
thus the Bloch Hamiltonian reads
where
. The nodal line of this model is shown in Fig.2 , which is apparently a trefoil nodal knot. Many other nodal knots can be obtained in this way by taking other (p, q) or N(k) function. 
III. LATTICE MODELS OF NODAL-KNOT SEMIMETALS AND KNOTTED-UNKNOTTED TOPOLOGICAL TRANSITIONS
For lattice models, the k-space (Brillouin zone) is a 3-torus T 3 . The main difference compared to the continuum model is that N(k) must be periodic in k, otherwise the construction is similar. Following the lead of Eq.(4), we can choose
and
Expanding N 4 in Eq. (11) to the first order, we can see that 3 − m 0 plays the role of m. Now Eq. (6) gives rise to models of nodal knots in lattice models. According to Eq.(6), the Bloch Hamiltonian for the simplest case (p, q) = (3, 2) is given by Eq. (2) with
It hosts a nodal knot for 1 < m 0 < 3 (in this regime, the previously defined winding number W = −1). The nodal knot of m 0 = 2.5 is already shown in Fig.1(d) as a representative of nodal knots. The presence of nodal knots implies the existence of interesting surface flat bands, which are indeed found in our numerical calculations. The regions of surface bands are shown in Fig.3 . It is apparent that the k-space boundary of the surface-state bands is the nodal knot projected to the surface Brillouin zone. As the Hamiltonian has a chiral symmetry (the σ y term is absent), the number of surface zero-energy band is determined by the winding number [84] in each region of the surface Brillouin zone. It is also interesting to investigate the topological transition from the unknotted nodal lines to the knotted ones. To this end, we add an additional m z σ z term into the Bloch Hamiltonian:
The evolution of nodal knot as a function of m z is shown in Fig.4 . As we increase m z , the nodal knot gradually deforms. Around m z ≈ 0.13, there are three successive (very close to each other) nodal-line reconnection transitions, taking place at three different locations in the Brillouin zone. At the reconnection transition, two pieces of nodal line come close to each other, touch, and then separate with the lines reconnected. Af-ter the reconnections, the original nodal knot evolves to two nodal rings [ Fig.4(c) ]. As we further increase m z , the smaller ring shrinks and finally disappears. At m z = 0.14, we have a single unknotted nodal line [ Fig.4(d) ]. We have focused on the simplest case (p, q) = (3, 2) for simplicity. In fact, the method is general and applicable to all other pairs of integers. As we have explained, nodal knots can be obtained when (p, q) are relatively prime, otherwise nodal links are obtained. We have shown the nodal knots and nodal links for several choices of (p, q) in Fig.5 . In Fig.5(a)(b)(c) , different shapes of nodal knots can be found. In contrast, Fig.5(d) (e)(f) are nodal links due to the fact that the pairs of integers (4, 2) (6, 2) and (6, 3) are not relatively prime. The even smaller non-relatively-prime integers (2, 2) gives a nodal link similar to Fig.1(c) .
IV. FINAL REMARKS
Knots are often studied in the real space. In this paper, we have introduced knots in the momentum space (Brillouin zone), in the context of topological semimetals. Here, the nodal knots emerge as the knotted band-crossing lines. These topological semimetals have been dubbed "nodal-knot semimetals" in this paper, to distinguish them for the ordinary nodal-line semimetals with unknotted nodal lines. We hope that this work can stimulate further applications of the rich subject of knot theory [69] to topological semimetals.
In this work, we have taken a function of two complex variables to construct nodal knots in three-dimensional Brillouin zone; theoretically, it may be interesting to generalize this method to higher dimensions (with possibly more complex variables).
Note added.-Upon completing this manuscript, we become aware of a preprint aiming at nodal knots using a different approach [85] . Unlike the everywhere smooth Bloch Hamiltonian here, their trefoil-nodal-knot Hamiltonian has an unavoidable discontinuity in the Brillouin zone (a square-roottype branch cut).
